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I. INTRODUCTION
Suspensions of magnetic particles are used in a variety of applications. Magnetorheological (MR) fluids, consisting of tiny magnetizable particles suspended in a non-magnetic medium, are widely used in many industrial applications such as brakes, dampers, actuators, etc. 1, 2 Rapid response to the magnetic field applied externally makes MR fluids an attractive means for the devices. Recently, magnetic particles are also employed in microfluidic systems for chemical or biological applications by which our research is motivated. In such applications, magnetic particles are adopted as mobile substrates for bio-assays, stirring agents to achieve efficient mixing, or actuators. [3] [4] [5] [6] [7] [8] [9] [10] Under typical operating conditions, due to small length scale, flows in these devices are laminar and inertia of both fluid and particles may be neglected.
Magnetic particles dispersed in a liquid form chains or clusters upon applying an external magnetic field, generating field-dependent magnetorheological structures due to the external field and magnetic interactions among the particles. When both continuous shearing and a magnetic field are applied, the structures of chain, column, or cluster, consisting of polarizable particles such as paramagnetic particles, are affected by the combined effect of viscous shear forces and magnetic forces, leading to the topological changes such as breakup or reformation of chains. [11] [12] [13] [14] [15] It is well known that, in such a shear flow, rotational dynamics is governed by a dimensionless number called the Mason number, the ratio of viscous force to magnetic force. 11, 13, 16 In a similar way, rotational dynamics of chains driven by a rotating magnetic field is also characterized by the Mason number. 8, 17, 18 The motion of an individual particle, formation and dynamics of the such magneto-rheological structures, and subsequent fluid flow are key issues from a fundamental point of view, requiring further investigations.
In many previous studies, the particle dynamics method based on the point-dipole approximation and the Stokes drag law has been extensively employed due to its simplicity. 9, 11, 15, 17 However, this method may lead to quantitatively inaccurate results in the cases with closely packed particles like clusters or chains. More sophisticated numerical schemes based on the Stokesian dynamics are capable of treating multi-body hydrodynamic interactions, but still with an approximation on the magnetic forces. 13, 14 Even though previous methods have been successfully applied to various applications, more complete representations of the field-induced coupling and hydrodynamic interactions among particles are required to understand detailed flow characteristics and chain conformations, especially in microfluidic applications with the effect of geometric confinement. The direct simulation method, 19 which we recently developed, is the product of an effort to overcome the limitations of previous numerical methods, enabling complete representations of magnetic and hydrodynamic interactions among particles forming complex magneto-rheological structures. In our method, the incorporation of complicated boundary conditions, as in microfluidic channels, is relatively easy compared to the Stokesian dynamics approach. More recently, a direct simulation scheme based on an immersed-boundary finite-volume method was also introduced to solve flows with paramagnetic particles. 20 We choose a two-dimensional shear flow with magnetic chains suspended in a periodic rectangular channel under the influence of a magnetic field. The magnetic field applied externally is uniform in strength and perpendicular to the shear flow imposed. Magnetic chains are formed by circular paramagnetic particles with a constant magnetic susceptibility and the liquid is a non-magnetic Newtonian fluid. Our main concerns are the rotational dynamics of chains, flow characteristics due to the presence of particles, and chain rupture in the shear flow. Especially, we focus on the effect of the Mason number, the magnetic susceptibility, and the fraction of magnetic particles suspended in the channel.
The direct numerical simulation method, 19 based on a fictitious domain method and the finite element method, is employed to solve the magnetic particulate flow. The numerical scheme is capable of taking into account both hydrodynamic and magnetic interactions in a coupled manner. The forces resulting from magnetic interactions between particles are implemented via the Maxwell stress tensor 21, 22 and the hydrodynamic interactions are treated by the fictitious domain method. 23 Therefore, our numerical scheme is thought to be a proper choice to solve dynamics of chains involving mutual magnetic interactions between particles spaced closely and flow characteristics affected by the particle motion and the externally imposed flow.
The paper is organized as follows. First, we introduce the problem and the governing equations to solve the problem. Then, the finite element formulations for the magnetic and flow problems are addressed briefly. A single-chain problem is solved first, focusing on the rotational dynamics characterized by the Mason number and the magnetic susceptibility. Next, the flow characteristics influenced by particle fraction are investigated, with an emphasis on the magneto-viscous effect affected by the Mason number and the susceptibility. Finally, we show chain rupture in the shear flow. Topological changes of the magnetic chains in the shear flow are investigated using the direct simulation method, revealing three regimes of the Mason number showing specific structures of chains depending on the relative importance between the magnetic and the hydrodynamic forces.
II. MODELING

A. Problem definition
The problem we wish to solve is, as schematically illustrated in Fig. 1 , the motion of circular magnetic particles and fluid flow in a two-dimensional shear flow under the influence of an externally applied magnetic field. The particles are paramagnetic, i.e., magnetically neutral in the absence of a magnetic field, but magnetized under the influence of an external magnetic field. We neglect the effect of magnetic saturation, which is an approximation that is valid for relatively small field strengths, leading to a linear relation between the applied field strength and the induced magnetic The circular particles with radius a are paramagnetic with a constant permeability μ p and the surrounding medium is a Newtonian fluid with viscosity η and permeability μ f . The origin of the coordinate system is located at the center of the channel, which is periodic in the x direction. The channel is 2w wide and 2h high, and the four boundaries of the channel are represented by 1 , 2 , 3 , and 4 . A particle is represented by P i , the boundary of the particle by ∂P i , and the fluid domain by . U and −U are horizontal velocity components at 3 and 1 , respectively.
moment. The particles are assumed to be non-Brownian and inertialess, but they interact with the surrounding fluid and other particles both hydrodynamically and magnetically. The fluid is assumed to be non-magnetic and Newtonian with viscosity η. The constant magnetic permeabilities of the particles and the fluid are μ p and μ f , respectively, where μ p > μ f . Assuming that the magnetic field is generated by static current (or very slowly changing current), we solve magnetostatics, which is a special case of the Maxwell equations in the absence of an electric field and electrostatic charges. 24, 25 Since we are concerned with a flow in microscale, the fluid flow is governed by the viscous force and the magnetic actuation acting on the particles, neglecting the effect of inertia and gravity. A typical computational domain consists of circular particles all with the same radius a suspended in a rectangular channel filled with a non-magnetic Newtonian fluid. The channel is periodic in the horizontal direction, i.e., a particle that exits through a periodic boundary (either 2 or 4 in Fig.  1 ) can reenter the domain through the other boundary. Particles are denoted by P i (t)(i = 1, . . . , N), where N is the number of particles in the channel. We define P(t) = N i=1 P i (t) as a collective region occupied by the particles at time t. The fluid domain is denoted by \P(t) at time t with being the entire channel. In the following sections, the governing equations and boundary conditions for both magnetic and flow problems will be discussed in detail.
B. Magnetostatic problem
The problem of electromagnetic analysis is actually a problem of solving a set of Maxwell's equations subjected to given boundary conditions. 25 In the case of magnetostatics without free current, the governing equations can be written as
where H is the magnetic field intensity and B the magnetic flux density. To solve the two Maxwell's equations for magnetostatics, one needs a constitutive equation relating the two field quantities, B and H. The constitutive equation describing macroscopic properties of the medium being considered is B = μH, where μ denotes the magnetic permeability of a linear isotropic medium.
The magnetic permeability μ, which is discontinuous at fluid-particle interfaces, is evaluated using a scalar function δ, given by
where δ is the signed distance function measured from a spatial position x to the particle boundaries ∂P i (t), defined by
where X i is the position vector of the center of the ith particle and R i the radius of the particle.
To solve the two governing equations (Eqs. (1) and (2)), the two equations are converted to a second-order partial differential equation involving only one field variable called the magnetic scalar potential φ. The magnetic field intensity is defined by H = −∇φ, which satisfies Eq. (1). Therefore, the magnetic field governed by Eqs. (1) and (2) is represented by the following equation:
subject to the continuity conditions at fluid-particle interfaces, given by
μ f ∇φ f · n = μ p ∇φ p · n, (7) where n is the unit normal vector at the interfaces, and the subscript "f" and "p" refer to the potential evaluated at the fluid and particle domain, respectively. To apply a uniform magnetic field directed vertically, a constant potential difference φ between the top ( 3 ) and bottom ( 1 ) is imposed, such that H 0 = φ/2h, where H 0 is the magnitude of the external field and 2h the height of the channel (see Fig. 1 ). The constraints for the potential difference are given by
which will be treated via Lagrange multipliers in the finite element formulation. In this manner, we are able to apply an external field, which is directed vertically and periodic in the horizontal direction. To make the problem complete, a reference potential, say φ = 0, is specified at one point in the domain, p . Given a uniform field applied externally, a non-uniform magnetic field created due to the difference in the magnetic permeability between the particle and the fluid is the source of the magnetic forces acting on the particles. To describe the forces induced by the external magnetic field and the magnetic interactions among the particles, we use a formulation based on the Maxwell stress tensor defined by T m = μ H H − 1 2 H 2 I , where I is the identity tensor and H 2 = H · H. The body force f m working on materials within the magnetic field is represented by the divergence of the Maxwell stress tensor, i.e., f m = ∇ · T m , contributing to the momentum balance equation for the flow as an additional body force. 19 In principle, there is no approximation on the magnetic force and this model can be extended to particles with arbitrary shape or particles with non-uniform magnetic properties.
C. Flow problem
The fluid flow is governed by the Stokes equations and the inertia of particles is neglected because of the low Reynolds number, which are assumptions valid in most microscale flows with a particle diameter of 1−10 μm. 3, 7, 8 The set of equations describing the fluid flow in \P(t) is given by
where σ is the Cauchy stress tensor, u the velocity, p the pressure, η the viscosity, D the rate-ofdeformation tensor, U i the translational velocity of the ith particle, ω i the angular velocity of the ith particle, x the position vector of a point on the ith particle boundary, X i the position vector of the center of the ith particle, andγ the shear rate. Equations (10)-(12) are the momentum balance equation, the continuity equation, and the constitutive relation for the fluid domain, respectively. Equations (13), (14) , and (15) are the constraints for rigid body motion of the particles and the essential boundary conditions at the bottom and top boundaries, respectively. The relations for the horizontal periodicity between 2 and 4 are represented by
In Eq. (17), t is the traction defined by t = σ · n, where n is the outward unit normal vector at the boundary.
As for the particle domain P(t), a rigid-ring description 26 is employed. In this model, the fluid also fills the particles and the rigid body motion is imposed on the particle boundaries only. This description enables us to solve the same governing equations for both (fluid and particle) domains, reducing the number of unknowns for the rigid body constraints. The governing equations for a particle domain P i (t) at time t are the same as Eqs. (10)-(13) for the fluid domain. Note that the rigid-ring description is valid if inertia is negligible and the particle susceptibility is constant. If we solve a problem with inertia or particles with non-uniform magnetic properties, rigid body constraints should be imposed inside the particle domain as well.
In addition to the above-mentioned equations, one needs to solve the kinematic equations for the evolution of particle positions with time t, represented by
Finally, balance equations are needed for force and torque working on particles to determine the unknown rigid body motions (U i , ω i ) of the particles. In the absence of inertia, the two balance equations are represented as follows:
where ∂ P + i is the outer boundary of the ith particle, F i the sum of the hydrodynamic and magnetic forces, and T i the sum of the hydrodynamic and magnetic torques working on a rigid particle P i at the time t.
D. Scaling and Mason number
To obtain a non-dimensional form of the momentum equation (Eq. (10)), non-dimensional variables (with a superscript *) are defined by
where l c denotes a characteristic length, u c a characteristic velocity, p c a characteristic pressure, μ 0 the magnetic permeability in vacuum, and H c the characteristic magnetic field intensity. Here, we define the characteristic length as a particle radius, i.e., l c = a. The characteristic time is defined as the inverse of the shear rate, t c =γ −1 , thus t * =γ t. Then, the characteristic velocity and pressure are defined as u c = aγ and p c = ηu c /a = ηγ , respectively. The Maxwell stress tensor T ij is nondimensionalized by μ 0 H 2 c . The characteristic magnetic field intensity H c is defined as H c = βH 0 , where H 0 is the magnitude of the external field and β is the effective polarization factor. The factor β is adopted from the measure of effective polarization in the case of a spherical particle in a uniform field as a function of μ p and μ f , 24 defined by
where χ p is the magnetic susceptibility of the particles. Here, since the fluid is assumed to be non-magnetic, μ f = μ 0 . The magnetic permeability of particle is related to the susceptibility by μ p = μ 0 (1 + χ p ). Then, the resulting non-dimensional momentum equation becomes
where Mn is the Mason number, the ratio of viscous force to magnetic force, defined by
The Mason number can also be regarded as the ratio of the magnetic time scale t m = η/(μ 0 β 2 H 2 0 ) and the flow time scale t f =γ −1 . At a lower Mason number, magnetic forces are dominant, while at a higher Mason number, viscous forces are dominant. In addition to the Mason number, particle fraction and the difference in the magnetic permeability between the fluid and the particles are also known as parameters with influences on the dynamics of magnetic particles. 17, 18 In simulations introduced in the following sections, we mainly focus on the effect of the Mason number and the particle fraction on the particle motion and the fluid flow.
III. NUMERICAL METHODS
To solve the flow with suspended paramagnetic particles under the influence of an external magnetic field, the numerical methods we developed previously 19 are used. In the following sections, we briefly introduce the finite element formulations to solve the magnetic and flow problems for the given boundary conditions and constraints. For other details, such as the validation of the method and the comparison with other methods, we refer to our previous publications. 8, 19 
A. Magnetic problem
The weak form of the Poisson equation (Eq. (5)) and constraints (Eqs. (8) and (8)) for the magnetic potential φ is given as: find the magnetic potential φ in S such that
In the weak formulation, two constraints for the potential difference in the vertical and horizontal direction are treated via the Lagrange multipliers, λ m,v and λ m, h , defined on the boundaries, 1 and 4 , respectively. The continuity of the potential φ, Eq. (6), holds in the standard finite element formulation employing a continuous interpolation function. The continuity of the normal component of B, Eq. (7), which is represented by the continuity of flux in the diffusion equation of the magnetic potential φ, is weakly satisfied in the finite element formulation. The weak form is used to obtain an approximate solution using the finite element method with bi-quadratic interpolation for φ and linear interpolations for the Lagrange multipliers. In the numerical integration of the weak form, the permeability μ is evaluated by Eq. (3) using the distance function δ at each integration point. The resulting matrix equation is solved using a sparse Gauss elimination method to solve a symmetric matrix, HSL/MA57. 27
B. Flow problem
The fluid flow problem, including interactions between fluid and rigid particles, is solved by using a fictitious domain method and the finite element method. We use a fictitious domain method to treat rigid body constraints on particle boundaries. In the derivation of the weak form, following the approach of Glowinski et al., 23 fluid-particle interactions are implicitly treated through the combined weak formulation, where hydrodynamic force and torque on the particle boundaries are canceled exactly. In the combined weak formulation, the rigid body constraint is enforced by the constraint equation using Lagrange multipliers, λ p,i , defined on the particle boundary ∂ P i (i = 1, . . . , N ).
The space for the combined velocity, V , is defined by
for i = 1, . . . , N . For a given particle configuration X i (i = 1, ..., N ), the weak form for the entire domain can be stated as follows: N ) , and μ h ∈ L 2 ( 4 ). To treat the body force in the weak formulation, instead of using the divergence of the Maxwell stress tensor as it is, integration by part and the Gauss theorem are applied to circumvent differentiation of the Maxwell stress tensor, which is discontinuous at fluid-particle interfaces. We use bi-quadratic interpolation for the velocity and bi-linear interpolation for the pressure, the so-called Q 2 /Q 1 element. Bi-linear interpolation is used to discretize the Lagrange multipliers. The resulting matrix equation is solved by the same direct sparse matrix solver as used in the magnetic problem. Particle positions are updated by integrating the evolution equations, Eq. (18), using the rigid body motions of the particles obtained as a part of the solution. We employ explicit time integration schemes. The explicit Euler method (Eq. (37)) is used at the first time step and the second-order Adams-Bashforth method (Eq. (38)) from the second time step onward:
where variables with superscripts n − 1, n, and n + 1 represent those evaluated at the previous time, the present time, and the next time step, respectively. Based on the particle speed U i and the mesh size h e , the time step t is chosen to be less than both the convection time scale of the particles t p, i = h e /U i and the magnetic time scale t m = η/(μ 0 β 2 H 2 0 ), i.e., t < min(t p,i , t m ), i = 1, . . . , N . The time step chosen in this manner is sufficient enough to obtain smooth particle motions. If the selected time step does not satisfy the criterion, the chain motion shows unrealistic oscillation and the angular velocity of each particle is not smooth, but shows spurious fluctuation in time.
C. Remarks on the numerical scheme
The direct numerical simulation method is capable of taking into account both hydrodynamic and magnetic interactions in a coupled manner. 19 As for the magnetic forces, the point-dipole approximation is simple and quite effective if the length scale of the field non-uniformity is much larger than the particle size. 24, 28 However, this assumption may be violated in applications with the particle size comparable to the length scale of the field non-uniformity due to closely packed particles forming clusters or chains. In the present approach, the magnetic interactions are computed from the solution of a magnetic potential problem for the entire domain including both the particles and the fluid via a Maxwell stress formulation, which is believed to be the most general way to treat the magnetic forces in magnetic particulate flows. The numerical method captures both longand short-range hydrodynamic interactions among particles using a fictitious domain method in the combined finite element formulation. In addition, the present scheme has several other advantages over particle-based numerical methods: (1) easy implementation of particles with arbitrary shape in a code based on the finite element method; (2) easy treatment of inhomogeneous magnetic permeability, possibly also depending on the magnetic field intensity; (3) direct simulation of non-Newtonian flows with magnetic particles, for example, functionalized microbeads suspended in a body fluid applicable to diagnostic lab-on-a-chip devices. But, our numerical scheme requires much more computational resources than particle-based numerical methods used more frequently.
IV. RESULTS AND DISCUSSION
In the simulations, we use a periodic channel with w/ h = 1. The shear rateγ is fixed to 1. The origin of the coordinate system is located at the center of the square channel. The channel geometry is discretized into 40 000 nine-node quadrilateral elements. The ratio of particle radius to the channel height a/2h is 0.05. The size of line elements describing the particle boundary is determined such that the size is comparable to the size of the fluid mesh.
A. Single-chain problem in the shear flow
We begin with a two-particle problem, where a chain consisting of two paramagnetic particles is initially located at the center of the square channel, aligned to the magnetic field directed vertically. The non-dimensional position of a particle is defined by (X*, Y*), where X* = X/a and Y* = Y/a. The initial non-dimensional positions of the two particles, P 1 and P 2 , are (0, −1) and (0, 1), respectively. Once the drag velocity is imposed, the chain rotates clockwise, as schematically depicted in Fig. 2 . The angle of rotation θ at an instance is defined by the angle measured from the field direction to the line connecting the centers of the two particles.
The single-chain problem with a magnetic susceptibility χ p = 1 is solved first. Here, we are mainly concerned with the effect of the Mason number on the rotational dynamics of the chain. Figure 3 shows the change of θ with the non-dimensional time t* (=γ t) at several Mason numbers. At lower Mason numbers up to Mn = 0.32, there exists an equilibrium, where the two torques working on the chain, the magnetic torque due to the external field and the viscous torque due to the shear flow, are in balance. Starting from an initial location, the chain rotates and reaches a stationary configuration, resulting in an equilibrium tilting angle θ eq . In the low Mason number regime, the equilibrium angle at each Mason number is found to increase linearly with the Mason number. Above a critical Mason number (Mn c = 0.32), however, the magnetic torque acting on the chain can no longer resist the chain rotation, resulting in a continuous rotation of the chain. At critical Mason number, the angle of rotation is approximately 45 • , which is the maximum rotation angle attainable in this case.
Depicted in Fig. 4 are the trajectories of the two particles with time at two Mason numbers, Mn = 0.32 and Mn = 1.6, as representative examples showing two distinct behaviors in the particle motion: one reaching equilibrium ( Fig. 4(a) ), where the particles are at rest, and the other exhibiting periodic motion ( Fig. 4(b) ), depending on the Mason number. Figure 5 shows the change of the FIG. 2. Rotation of two magnetic particles suspended in a shear flow under the influence of an externally applied magnetic field H 0 directed vertically. The chain of two particles is initially aligned with the field direction and rotates due to continuous shearing. Here, θ is the rotating angle measured from the y-axis to the line connecting the centers of two particles at an instance.
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Kang, Hulsen, and den Toonder Phys. non-dimensional angular velocity * z (= z /γ ) of the first particle (P 1 ) about its center as a function of the non-dimensional time t*. In this two-particle case, the rotational behavior of the second particle (P 2 ) is the same as that of the first one (P 1 ). It is found that the rotation rate of each particle about its center is the same as that of the chain of two particles, i.e., the two particles move like a single rigid body and there is no relative rolling between the two particles. At lower Mason numbers, Mn < Mn c , where there is an equilibrium configuration of the chain, the angular velocity of each particle approaches zero. In a higher Mason number regime, Mn > Mn c , however, the rotational motion of the particles is time periodic. From Figs. 4 and 5, we can conclude that, at the higher Mason numbers above Mn c , the motion of each particle is periodic in time and the velocity field is consequently time periodic as well. In this regime, the larger the Mason number, the shorter the time period.
Finally, the effect of the magnetic susceptibility on the rotational dynamics is discussed. Shown in Fig. 6 is the change of the angle of rotation at the two Mason numbers, Mn = 0.016 and Mn = 0.16, where Mn < Mn c . At a fixed Mason number, the higher the susceptibility, the larger the rotation angle θ eq , implying that, in addition to the Mason number defined in Eq. (28), the susceptibility is also a parameter governing chain dynamics. Therefore, the difference in magnetic property between the particle and the fluid (in this study characterized by the magnetic susceptibility χ p ) also has an influence on the dynamics of the particles. In the low Mason number regime, as depicted in Fig. 7 , the equilibrium angle θ eq increases linearly with the Mason number at a fixed susceptibility. 
FIG. 8. Non-dimensional period of rotational motion T * p = T pγ as a function of the Mason number, dependent on the susceptibility χ p . Here, T p is the time period andγ is the shear rate applied.
As the equilibrium angle is affected by the Mason number and the susceptibility, one can conjecture that the period T p of the particle motion above a critical Mason number will also be influenced by those parameters. Figure 8 shows the non-dimensional period T * p of chain rotation, defined by T * p = T pγ , as a function of the Mason number at three values of the susceptibility. As the Mason number approaches the critical Mason number at a fixed susceptibility, the period increases rapidly. The rapid increase in the period is due to the increase in the resisting magnetic torque on the chain (directed counterclockwise) when the centers of the two particles are on the first and the third quadrants, i.e., 0 • < θ < 90 • or 180 • < θ < 270 • . As the Mason number increases, however, the period approaches an asymptotic value (the period for Mn = ∞). We can also conclude that the critical Mason number decreases with the susceptibility of the particles. Since the chain of two particles behaves like a rigid body, it will be interesting to compare the asymptotic value of the period with that predicted from Jeffery orbit, 29 where the period for an ellipsoid with the aspect ratio r e is T p = 2π (r e + 1/r e )/γ . The non-dimensional period, predicted from Jeffery orbit with the aspect ratio r e = 2, is 5π (≈15.7), while the period in the confined shear flow with Mn = ∞ is 15.4.
B. Flow characteristics
In this section, change of flow characteristics in terms of the perturbed velocity u and the increase in the effective wall shear stress due to the external field are discussed. A single circular non-magnetic particle suspended in the shear flow with a shear rateγ rotates with the angular velocity ω = −0.5γ in an unbounded domain, leading to a perturbed velocity field, which is hyperbolic in nature. 30 In this study, the perturbed velocity u is defined by u = u 0 − u, where u 0 is the velocity of the shear flow without the particle and u is the velocity of the particulate flow in the presence of a uniform field and continuous shearing. Figure 9 depicts streamlines obtained from the perturbed velocity u at the two Mason numbers with the susceptibility χ p = 1. Shown in Fig 9(a) are the streamlines at equilibrium when Mn = 0.16. At this Mason number (Mn < Mn c ), the chain of two particles reaches an equilibrium configuration, where the chain is at rest and the perturbed flow around the chain of two particles is elliptic in nature. Without magnetic field (Mn = ∞), however, the perturbation velocity generates hyperbolic flow around the chain (see Fig. 9(b) ), similarly to the single non-magnetic particle in the shear flow. Next, we solve a flow with chains in a uniform field to investigate the so-called magnetoviscous effect, the increase in the effective viscosity due to the field-induced structure of particles. The particle susceptibility is fixed to 1 and each chain consists of eight particles. Initially, the chains are spaced equally and aligned with the field direction. The magnetic field is perpendicular to the imposed shear flow. Similar to the two-particle problem introduced in Sec. IV A, for the given susceptibility, there is a critical Mason number, which is approximately 0.2 in this case. Below the critical number, an equilibrium between the magnetic torque and viscous torque exists. Shown in Fig. 10 are streamlines at equilibrium obtained from the velocity field with two chains at Mn = 0.016 and 0.16. In the low Mason number regime (Mn < Mn c ), as depicted in Fig. 10 , the equilibrium angle of rotation increases with the Mason number. The chains in this regime act as barriers against the fluid flow, increasing flow resistance as the Mason number decreases. Therefore, only the regions in-between the walls and both tips of the chains play a role of the effective flow passage in the shear flow. The reduction in the effective flow passage in the lower Mason number regime, leading to higher effective viscosity, is the cause of the so-called magnetoviscous effect in this shear flow. In this particular case, we define the average wall shear stressτ yx as follows:
where L is the total length of the both boundaries, 1 and 3 . Below the critical Mason number (Mn c ), where there is an equilibrium tilting angle at a given Mason number, the wall shear stress also reaches a steady state. Above Mn c , the wall shear stress shows oscillatory behavior in time. Shown in Fig. 11 is the variation of the non-dimensional shear stress at equilibrium, τ * w =τ yx /ηγ , as a function of the Mason number and the number of chains suspended in the channel. Below Mn = 0.01, the non-dimensional shear stress seems to be stationary. Above Mn = 0.01, as the Mason number increases, thinning behavior is observed, due to the increased tilting angle of the chains, resulting in wider effective flow passage. It should be noted that, as the Mason number approaches zero, the tilting angle of the chains approaches zero as well and the wall shear stress approaches an asymptotic value. Therefore, yield behavior, as reported in the literature, 1, 14 cannot be observed in this particular flow.
C. Chain rupture in the shear flow
Finally, we investigate chain rupture and reformation due to the combined effect of the shear flow and the uniform magnetic field applied externally, characterized by the Mason number. In electrorheological (ER) fluids in a DC electric field, which has an analogy with our magnetostatic case, suspensions of particles in a dielectric liquid exhibit electric field-dependent viscosity, the so-called electroviscous effect. [11] [12] [13] [14] The counterpart in magnetic suspensions is the magnetoviscous effect, 1 the increase of effective viscosity with increasing magnetic field strength. According to previous works by other researchers, due to the applied shear flow and subsequent deformation, these chains tilt and stretch. Above a critical tilting angle, breaking of chains has been observed experimentally and also numerically. Three models for the electroviscous effect of ER fluids in shear flow are reported in the literature: 11, 12, 24 (i) fractured chain remnants adhere to the electrodes (top and bottom walls in this study); (ii) shortened chains filling the channel, resisting the rotation due to the shear flow; and (iii) formation of columnar structures which deform, break, and reform during continuous shear.
Motivated by the previous works on particle chaining in ER fluids, [11] [12] [13] 15 we investigate further the detailed dynamics of paramagnetic particles suspended in a non-magnetic fluid. Our main concern is the effect of the Mason number and the susceptibility of the particles on fluid flow and topological changes such as tilting, breakup, and reformation of chains, which finally determine the rheological behavior of the magnetic suspension. The number of particles contained in the periodic channel is also varied to see the effect of the particle fraction on the topology of the chains. A confined shear flow is chosen as a model problem, where initially intact chains (spanning the channel gap) are assumed to be clinging to both top and bottom walls due to the magnetic field applied externally. We begin with a single-chain problem, where initially the chain is aligned with the field directed vertically (see Fig. 12(a) ). Up on applying continuous shearing, the chain deforms and is broken into smaller chains due to the shear flow, resulting in different structures after breakup, depending on the Mason number (see Fig. 12 showing snapshots of chain conformations). At lower Mason numbers, where Mn < 0.1), a chain is broken at the center of the chain with both ends cling to the wall. The detached pair of chains move in the opposite direction, form a single chain instantaneously, and the single chain is broken again. This process repeats itself. Before breakup, each chain deforms affinely until a critical tilting angle at which the chain breaks up. At higher Mason numbers (see Figs. 12(d) and 12(e)), detached chains consisting of two particles or single particles fill the channel, leading to less resistance to the flow compared with the cases with Mn < 0.1.
At the lower Mason number regime (Mn < 0.1), the critical tilting angle θ c just before breakup decreases slightly with the Mason number, from 16 • at Mn = 0.0016 to 15 • at Mn = 0.016. The predicted critical angles are smaller than predictions for an ER fluid by the point-dipole limit, where θ c = 21 • , and an experimentally observed value around 28 • . 11 Inferring from a previous study 14 on ER fluids, the difference in the predicted critical angle may result from its dependency on the particle concentration and the susceptibility, and also from 2D flow assumption. Interestingly, an idealized affine motion of the chain, as reported by Klingenberg and Zukoski, 11 leading to tilting, breaking, and reforming in a confined shear flow, is observed numerically at the Mason number of Mn = 0.016 ( Fig. 12(c) ). In this regime, the higher the Mason number, the larger the tilting angle of the detached chains to the applied field direction, due to stronger magnetic interactions (see Figs. 12(b) and 12(c) for comparison). Now, the number of chains is increased to four (see Fig. 13(a) ). The area fraction of the particles is equal to 32.4%. In the beginning, the four chains are aligned vertically with both ends in contact with the channel walls. Under continuous shearing, as depicted in Fig. 13 , the final conformation of the chains is significantly influenced by the Mason number.
At Mn = 0.0016, where the magnetic force is dominant over the viscous force, complex chains with branches are observed rather than linear chains, which is thought to be caused by the strong magnetic interactions among the closely spaced particles, due to the increased particle fraction. The chains are first detached in the middle and each of upper broken chains reconnects with the nearest lower chain approaching to each other. The regular process of breakup and reformation repeats only several steps. Then, the chains are no longer broken in the middle, but broken upper or lower part of the chains. Since then, as depicted in Fig. 13(b) , strong magnetic interactions among the detached chains with varying length lead to the formation of complex chains with branches, changing continuously their structures with time (see video 1 in Fig. 13(b) ). Since a higher stress is required to break the chains, the complex chains with branches undergoing continuous rapid breakup and reformation in this small Mason number regime lead to a higher increase in the effective viscosity. Again, at Mn = 0.016, the chains are detached in the middle and the detached pair of the chains move in the opposite direction, creating a slip zone at the center of the channel (see video 2 in Fig. 13(c) ). These behaviors are the same as those of microstructures of an ER fluid for the dynamic yield stress model reported in the literature. 11, 14 In our simulation, the critical angle θ c at breakup is approximately 15 • , which corresponds to the critical strain γ c = 0.26. The critical strain is smaller than the experimentally observed one varied from 0.4 to 0.6, 11 but more closer to the experimental values than other numerical result 13 predicting a critical strain of unity. The direct numerical simulation successfully reproduced the particle chaining, tilting, breaking, and reformation at this specific regime of the Mason number, during the shearing of chains of paramagnetic particles in a uniform magnetic field. As the Mason number increases further, shorter chains or single particles fill the channel. At the highest Mason number (chosen in this study), Mn = 1.6, a depletion zone with lower concentration of particles is observed in the middle of the channel.
The fluid flow influenced by the evolution of chain conformation is an interesting topic to investigate, especially in the case showing affine motions of chains in the confined shear flow. Therefore, we choose flows at Mn = 0.016 to see the effect of chain motions on the fluid flow. Figure 14 depicts the evolution of the x-component of the velocity vector during a rearrangement of the chains for the two cases, single-and four-chain problems, with their initial configurations shown in Figs. 12(a) and 13(a), respectively. At the moment of joining, the pair of chains approaching to each other attract with a speed faster than the drag velocity. After breakup, the detached chains swing forward, again with a speed faster than the drag velocity. Due to the swinging motions of the chains, adverse velocity gradient on the wall is observed, especially in the case with higher particle fraction (see Fig. 14(b) ). In addition, as reported in the literature, 11 one can clearly observe a slip zone with locally very high velocity gradient at the center of the channel, when the pairs of chains move to each other. Depicted in Fig. 15 is the x-component velocity across the channel at x = 0 for the chain configurations shown in Fig. 14(b) . The extremely steep velocity gradient near the center of the channel, caused by constriction of the shear zone, is the reason of higher effective viscosity in this regime of the Mason number.
In summary, it is found that the magnetoviscous effect in this shear flow is caused by chain conformations highly influenced by the particle fraction and, more importantly, by the interplay between the viscous and magnetic forces characterized by the Mason number. In the latter case with higher particle fraction, three models for electroviscous effect (in this study, magnetoviscous effect) FIG. 15 . Plot of the x-component velocity across the channel at x = 0 for the chain configurations shown in Fig. 14(b) . In this plot, the abscissa is the normalized velocity,ũ = u/U , and the ordinate is the non-dimensional y-coordinate, y* = y/a. are reproduced by the direct simulation. A specific chain conformation is related to the corresponding range of the Mason number.
V. CONCLUSION
We numerically investigated the dynamics of magnetic chains and fluid flow in the presence of both continuous shearing and a uniform magnetic field, with an emphasis on the effect of the Mason number (Mn), the magnetic susceptibility of particles, and particle fraction. A simple shear flow with suspended magnetic chains, under the magnetic field perpendicular to the flow in a two-dimensional periodic channel, was chosen as a model problem.
First, we solved a two-particle problem and found that the rotational dynamics of the chain is governed by the Mason number (the ratio of the viscous force to the magnetic force) for a fixed susceptibility. There exists a critical Mason number, Mn c ∼ 0.3 (based on the definition used), separating the rotational behavior of the chain. Below the critical Mason number, there is an equilibrium between the magnetic torque and viscous torque, leading to finite rotation of the chain. In this regime, the angular velocity of each particle approaches zero as well. In the higher Manson number regime, where Mn > Mn c , however, the rotational motion of the particles is time periodic and the fluid flow as well. Regardless of the Mason number, the two particles move like a single rigid chain; thus, the angular velocity of the chain is the same as that of each particle.
Streamlines obtained from the perturbed velocity due to the presence of two particles may be either hyperbolic or elliptic in nature, depending on the Mason number. At lower Mason numbers, Mn < Mn c , the perturbed flow is elliptic. Above the critical value, however, hyperbolic perturbed flow is observed around the chain of two particles. If suspended chains are unconstrained by the wall, below the threshold value of Mn, the non-dimensional wall shear stress is almost constant. While, above the threshold value, a thinning behavior in the wall stress is observed due to higher tilting angle of the chains, resulting in lower flow resistance.
As for chain rupture in the shear flow, three regimes of the Mason number were found, showing different chain conformations. At smaller Mason numbers (Mn < 0.01), where the magnetic force is dominant, complex chains with branches are observed rather than linear chains as the particle fraction increases. At intermediate regime (around Mn = 0.01), the initially intact chains are detached in the middle and the detached pair of chains move in the opposite direction, creating a narrow slip zone with a very steep velocity gradient. As the Mason number increases further, shorter chains or single particles fill the channel. A depletion zone with lower particle concentration is observed at even higher Mason numbers.
